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This article discusses the analysis of the general equations of the transverse vibration of a piecewise
homogeneous viscoelastic plate obtained in the “Oscillation of bilayer plates of constant thickness” [1].
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INTRODUCTION

The general equations of oscillation of piecewise
homogeneous viscoelastic plates of constant
thickness, described in [1], are complex in
structure and contain derivatives of any order
concerning x, y coordinates and time t, and,
therefore, are not suitable for solving applied
problems and performing  engineering
calculations [2-5].

To solve applied problems, instead of general
equations, it is advisable to use approximate ones

that include one or another finite order in
derivatives [6-8].

The main part

The classical equations of transverse vibration of
a plate contain derivatives of no higher than 4th
order, and for piecewise homogeneous or two-
layer plates, the simplest approximate equation
of vibration is a sixth-order equation [9-12].
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If in the operators (1.3.8) given in [1] we restrict
ourselves to the first two terms, then from
equation (1.3.11)

Ll(\Nz) = Fl(X’ y’t)

where are the operators L, and F,(X,y,t) equal to:

L= (Ml(n) Kom =Ma) Kl(n))(Hs(n) Eum = Haw ES(n))+
+ (M) Ky = Moy Kooy )(Hagoy Bogny = Hon Bagny) +
+ (Mygoy Kagy = Moy Ko J(Ho Bany = Ha Bom)) =
-(M 2 Ka(y = Magn) K2(n))(H4(n) Eymy — Him Eacny )
= (M) Kagoy = Mgy Ko ) (g Bsiy = Haw Bimy) +
(M) Koy = Mgy Koo J(Haoy Bogry = Ho Biny )5
R = Koy (Hag) Egny = Ham Bam) + Ko (Hag By = Hin Eg ) +
+ Kygny (Hym Exny = Hon Esny )M o (£} +
+IMago) (Ho) Ban) = Hiagny Bagny) + Mooy (Hg(oy By = Hagn Bamy) +
0
M (Hiy By = Hagoy By KM, (%(ZO) b %(Z))}_
~(My o) (Koo Bty = K Eagmy) + Moy (Koo By = Kagny Eggy) +
+Ms(n) (Kl(n) E2(n) - KZ(n) El(n))]{M 1_1( fz(l) )+
(M0 (Koo Hagn) = Kam Ham)) + Magy (Ko Higy = Ky Hag)) +

1(n)
Sy
+Ms(n) (Kl(n)HZ(n) = K?_(n)Hl(n))]{Ml 1(?"‘?)};

we obtain the approximate integral-differential equation
o'w oW oW o'W
Ql[WJJFQZ (A?J+Q3 (AZ\N)+Q4 (¥j+Q5 (AW}F
oW

+Q, [Az ?J+Q7 (A 3\N): F (X y,t1).

where are the operators QJ- and F, (X, y,t) equal to:

(1)

Q= Ml_z (hopo + hlpl)2 ;
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Q= _2M£2(2(h0P2D0 + thl)(hOpO +h1p1)+
+(PZ _1) (ho 26 (ho + hl)_ (h02D0p0 + hllepl)));
Q, =4(PR, —l)(hozF’zD0 + hlzDl + h12D1 +2h,hR,D,);

1. . _
QA = _E M1 ? (hozpoM01(3hlzp12 + hopo (hopo + 4h1p1))(2 - Do) +

(2)
+h? oM (3h7 pp +hy oy (hy o, +4hyp))(2- D))
Qu =T M;2(hP,iM; (2P, (4D, (1 ;) + (P, ~)(4-+ DY) -
—hi p!M*(2(4D; -4D, -1) - (P,-1)D,(2- D)) +
+6h°h? (p,,M ;"M (4(P?D, + D,) + (P, -1)(2P,(1- D,) - P,D,(2-D,)
+ D, (1+ D)) ++M, (o5 + o)) +
+2P,hh (2p,2,M M, 1) (h*(2+4D, — DZ) +hZ(2P, — P,D, +5D, = D})) +
+hgh?Mg?((P, ~1)(4—3D,) + 2D, (4 - D,)) + 2h’ piM, D, (4 - D,));
Qs =%M£2(h02P2poMal(2Pz((Pz ~1)(2+9D, —3D;)) - 2D, (1- 3P, +4D,)) +
+ h14p1 M{1(4D1 (1_2D1) _4D1 et (Pz _1) D1(3_ Dl)) +
+3h§hlz ((4P2D0(P2(1_ Dl) - Dl) _(Pz _1)(2(P2 _1) Dl(l_ Do) -
+P,(2-D,-2D,D,))) p,M;" + (4D, (L+ D, + P,D,) - (P, —1)(6 D,D,(P, =1) -
—6P,D, + D,)) o, M) = 2h,h P, (o,M; " (20, *((P, —=1)(DZ - 2D, —1) -
—2D,(1+ D)) - h’(2(P, —1) + D, (P, +3)))) -
—4p, M (h? +h?*)(2(P,-1)(1- D,) + P,D, + 1+ D))))));
Q = (R¥P.D,(4D, (P, ~1)+ h'D, (4D, ~ (P, ~1)-
+3h§h12 (8P2 D0D1 - (Pz _1)((2(P2 +1) I:)o D1 _3P2 Do - Dl(l_ D1))) - (3)

_4h0hlP2Do(h02(P2 _1) + 2D1) + hlz(z(Pz _1) + (Pz +1) Do)));
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2

Fux Y0 = M-S (R + Ry ) (£ = £2) 4

82 f (0) 52 f (0) 82 f ) 82 f ()

A+ S R )
+ (Do + 1y Dlpl)((asz) anyg») (azfm azfy(Zl)))— 4
—2A(2M;2((h,P,D, +hD,) (M, f<°>—|v|1f<l)))+ W
oM Ch o L T

% %
SRR R SECH SR )

If the plate is homogeneous, and W - is the transverse dlsplacement of the points of the “middle” surface -

the plane of the plate, then, in this case, the dependencies are satisfied

No=N;; My=M,; B,=1 hy=h; C,=C; D,=D,.
and equation (1) goes into the equation

(1=Co)* A +(1+Cy)* A) (g +A) +

15 (@D, (48 + 1) +4D,A) 444 (43 + )W) =

2 2¢0  p2f© 5
e L) e ) - )
82f(1) a2f(1)

7))

Here on the left is the product of two operators. the flrst describes the process of longitudinal oscillation,

—4D,M;'A((f,) +h,

and the second describes the transverse vibration.

The approximate equation from the general equation (1.3.12) given in [1] is introduced similarly and we

ou, av
6x

obtain for (
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0 o o° 0°
(Gl¥+GZA+G3y+G4A¥+GSA2 +G6¥+

(6)
ou, oV
+G7A + GSAZ + GgAs)(El - a_xl) = F2 (X; y, t)y

where are the operators Q; and Fl(X, y,t) equal to:

G, =M, *(hyp, +hipy) ;
G, :_(hopz‘H'H) ;
G, = ML ( oy + ) oM, +1¥ (1 3 +3000) oM, )

G, = =2 (0 (2P My* + 3 (A Ms + AML ) +
+ 17 (2o M, + 3B, (Mg + oM, )
Gy =M (R (P, +30,) + 1 (h, +3P,)); )
Gy = 1 (EP.PEMS (0P 4 oM ) + M, (10p M + oM, ) +
+5hy by oM™, (05 0, M,;* (3-3D, — Dg) ~ P, oM, (33D, = Dy)));
G, = o (L3P AEMS™ + hEiME) + 20(HEP, + ) o, MM~
~5h,h, (12, M; " ((3=3D, ~ D) poMy* = (D, ~4)p M, ")+
+WP,o M, ((3-3D, = DY) oM, = (By ~4) oM, M, )));
Gy = o (3P AEM, +HEpEM,) +LO(RP, M + M) +
+5hyhy (h (oM = (D = 4) Mg ) + b (2" — (D, = 4) M, )));
Gy = o (-2HMEP oM™ + oM7) + 8P, + )y MM, —
=6y, (oM (1-3D, — Dg) Mg * = (D, ~2) M) +
+WRAM (3= D, = D)) M, " — (D, - 2) M, oM )));

and
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az f O oy 4N (52 £0 o'y G
yt e

Lot

o2 oy )=
_aZf(l) a2f(zl) 82

oM, (N, =8 =) 2 (8)

_82f(°) o',

——(Pm(Nl \= )

oy’
82 fX(Zl) 82 fy(zl) 62
6X2 o ))

Despite the fact that equation (1) is approx1mate, it is quite complicated. The operators (2) contain all

F, (%, y,0) = B,(Ng (

+ = (Ph1 M (N,

—hg (N

parameters and operators characterizing both the mechanical and rheological properties of the piecewise

homogeneous plate material and its geometric dimensions.

Approximate equation (1) is simplified in particular cases when solving specific oscillation problems. For
example, operators (2) are greatly simplified when the Poisson ratios of both components are constant, or

when the thicknesses of both components are equal, and so on.

For example, if Ny =hy and v, = vy, then the operators Q; in (6) have the form:

Q= Ml_zho2 (po +,01)2 ,
Q,= _2Ml‘2h§(2DO(P2 +1 (o, + o) + (P, +D)(2p, — Dy (0, — £)));
Q, =4(P, -1)h,’D, (3P, +1);
1 24 4y -1 2
Q, __EMl hy"(2—Dy)(osMy Bpy + oy (05 +401)) + (9)
+ oM Bo5 + oy (o +40,)));
1

Q = —gho“(Pzijo‘z (4D, (4-D,) + P,(8D,(1-D,) +5) +
+(P,-1)(12-6D, + D2)) +2p,p,M; "M, *(2(6D, + P?(2+5D,) +
+P,(2+9D,-D}))+(P,-1)P,(2-3D, + D?) + D,(1+ D,)) +
+ofM 2 (8(1+ D, - DOZ) +4P,D,(4-D,) + (P, -1)D,(2—-D,)));
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Q, :%hoz(poMol(4P2D0(2+5P2 3D, (P, ~1)) + (P, ~1)(P,(20-8D, ~13D7) +

+6D,(1-D,))) + p, M, *D,(4(4 + D,) +4P,(4+ 2P, +5D,) +
+17(F, =1(D, + 2R, (1= Dy ))));
Q, :%h04D0(D0(4—15P2 ~5P2) 4 (P, ~1)(1-13P); (10)
The sixth-order operator in equation (1) can also be represented as the product of second and fourth-order

operators if the plate is elastic and the coefficients Q ; connected by addiction
Qz 'Q4 'Q7 =Q1'Q5 'Q7 +Q3 'Q4 'Qe-
For a two-layer elastic plate with given parameters of its components, relation (7) gives a 10th-order

algebraic equation concerning the relation h, / h, h,/h4, the sixth-order operator in (1) can be represented
as the product of two lower-order operators
02 0 0 o o* 0*
—+A—|[[|A—=+A —+A—+A— |(W)=0,
(AiatZ A26X2] [%&2 A46X2 A56t4 Aiax4 ( )
if the coefficients Q; Q,and A, A; linked by dependencies

Q=AA;
Q, = AA + AA;
Q =AA;
Q, =AA;
Q =AA;
Q: = AA;
Q = AA;
C ONCLUSIONS of such plates based on them without using any
hypotheses.
1. The study of vibrations of piecewise- 2. It is shown that the simplest approximate
homogeneous plates in an accurate three- equation of vibration of a two-layer plate is a
dimensional formulation allows us to derive the sixth-order equation with respect to derivatives
general and approximate equations of vibration describing its longitudinal-transverse vibration.
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3. For an elastic two-layer plate, the sixth-order 5. Achenbach, J. D. (1969). An asymptotic
operator splits into the product of the second- method to analyze the vibrations of an
longitudinal and fourth-order transverse-wave elastic layer. pp. 37-46.
operators if the thicknesses of the plate 6. Brunelle, E. J. (1970). The statics and
components satisfy the derived equation dynamics of a transversely isotropic
containing the parameters of these components. Timoshenko beam. Journal of Composite
4. Formulas are obtained for determining Materials, 4(3), 404-416.
displacements and stresses through the sought- 7. Callahan, W. R. (1956). On the flexural
for functions at any point of a two-layer plate. vibrations of circular and elliptical plates.
Quarterly of Applied Mathematics, 13(4),
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