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ABSTRACT

This article discusses a method for calculating functions belonging to the class of functions that are not
intgerable in a standard way using the Feynman method, which allows one to obtain an exact analytical
solution. This article shows a method for calculating some rather complex integrals that cannot be
integrated in the standard way.
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INTRODUCTION

Some integrals, which belong to the class of
functions that are not intgerable by standard
methods, can be calculated using a method
created by Nobel Prize winner (1965) Richard
Feynman. Richard developed an integration
method called the Feynman trick. He has achieved

achievements in the field of theoretical physics,
the development of a method of integration along
trajectories from quantum mechanics, and the
reformation of teaching methods in higher
educational institutions.
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Integration is associated with important methods of the integral, scientists such as Richard
of analysis and study of numerical functions - Feynman found unconventional methods.
averages, limits, infinitesimals, differentials, Integrating functions is a mathematical art. It is
derivatives, and so on, and therefore without interesting to calculate them, especially when
understanding and studying these concepts, the non-standard methods are used in the solution.

study of functions is impossible. To find the value

Consider the integral
b(p)
I(p)= I f(x, p)dx where p - is the integral parameter, x - is the integration variable.

a(p)

1'(p)= ;bf(x p)dx

Consider the improper integral (Dirichlet integral)

Tsin ax

dx (D a>0
X

—00

The integrand is even and therefore

Tsin ax ZT sin ax dx @)

dx =
- X 0 X

To calculate the right side of equality (2), we find the function

1 in the form J.e’“dt ==
X X

where a >0, a =const. Then form equality (2) we obtain

ZT §in ax dx = ZTsin ax[]ze“xdtde = 2Tsin axdx - Te“xdt = ZT dthin axe ™dx
0 0 0 0 0 0

To calculate j sin axe *dx, we use Euler’s formula

iax —iax

. —e
sihaX=— 3
2i (3)
|ax —ia 1 |
Then sinaxe Mdx=2|dt| ————e ®dx == ~dt =2a =
I -[ J 2i l-[t2 a’ -[t +a’
=2a-£arctgl =2.% -7
a al, 2
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0
Now let’s calculate the same integral (1) using Feynman’s method. Thus, we will demonstrate the power of

Feynman’s method.

o0

Isin ax
X

dx

0
Solution. Let function 1(p) be defined by the formula

I(p):jerSinTaxdx, p>0,where a>0

Differentiating with respect to the parameter p, where X is a fictitious integration variable, we obtain

dr - ji(e"’* - ax)dx :I— xe ™ SIS dx :j—e‘px sin axdx
dp  -.0p X X A

—00

—0

By integrating the last integral twice by parts, it is not difficult to show that e 2_ a 5 -
p a+p

After integration we get I(p) = —arctg D + C, where C is an arbitrary integration constant. We can
a

calculate C by noting that I(c0)= 0 in the original integral definition of g(p), because the factor e in the
integral tends to zero everywhere at p—>o (because x>0 throughout the integration interval). So

0 =C —arctg(+ ) , where we use a plus sign if a >0, and a minus sign if a<0. So, C = J_r% and we have

T P
I(p)=+= —arctg -
(p)=+% ~arctg P

For p=0 (and therefore arctg P_ 0) gives us the following remarkable result, called the
a
discontinuous Dirichlet integral. Ultimately we see that in both cases the result is the same

E’ if a>0
js'"axdx: 0, if a=0
0 X

~Z if a<0

Example - 2. Calculate the integral
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_TIn(ZJ”/éCOSXj- dx )

0 COS X

Solution. The integral function is continuous at all points of the segment [0; 7r], except for point

X = % . At this point we have uncertainty of the form (%) , that is, when

coszzo
X=%=> 2++/3cos ™
In #2 =Ih1=0

Let us transform the integrand expression as follows:

Z (241J3cosx) dx % J3 dx
Iln : =Iln AN, Sgih- K
0 2 0 2

COS X cosx (5)

: o 3 :
In the last integral we denote coefficient . as parameter p. For different values of the parameter p,

different values of the integral will be obtained. Let’s write the integral in general form.

T dx
—[in .
.([ n(1+ pcosx) — 3 6)

Thus, we can say that this integral defines a function with respect to the variable p. in equality (6), it makes
sense to consider p only at —1< p <1. Only for such values of p is the argument of the natural logarithm

greater than zero at all points of the integration segment. This means that the original integral (5) will be

a special case of the integral (6) at p = g . Now we take the derivative with respect to the parameter p:

I,(p):]fi(ln(u pcosx)j.dx

5 0P COSX
Here the limits of integration do not depend on the variable p. The partial derivative of the integrand with
respect to the variable p will be a continuous function. Therefore, we can enter the differential under the
integral sign and calculate it. When integrating.

I'(p)—j 0 (In(1+ P COSX j _I cos xdx ]’-

2 Op COSX (1+ pcosx)cosx ¢

1+ pcosx
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. . . X X . X .
We use the universal integration method. Let t =tg > then cos X = cos’ Y —sin? > When replacing, you

need to change the limits integration in the integral. If x >0 tot > 0,if X > 7,tot > .
Then

‘T dx t o 2at 1 T 20t
- - =
°c052;(1+ p—(1- p)lgzzj oL+t p+(-pl*  1-pg

o0

2_f1-% arctg R \ L LN (p)=—2L
1-p\Vil+p 1+p 1 4F Q@ 4~ 1-p?
1304
I(p)=rzarcsin p+C (7)

From here we find C. 1(0)=0 means C =0. The problem statement was that it was necessary to

calculate a special case of integral (6) for p= ? . If I(p)=rarcsinp. Then
J3) % J3 dx 3 r nt
1| = | = [In| 1+~=cosx |- —— = rarcsin "~ = 7- = = "—
2 5 2 COS X 2 3 3

Example - 3. Calculate the integral
h arctg!xfl— X2
| -dx (8)
0 \/1— X2
Solution. Let us simplify the integrand expressions by making the following substitution:
X =sint and the boundaries will have the following form

X=0—->1t=0, x=1>t= % and we see that in the first quarter sint >0, cost > 0. Then

¢ arctglvl— x> 2 arctg arctg(cost )dt
1= dx= [ ———— 9)
5 A1—x? ! cost
Now let’s use Feynman’s method as follows
2 arctg(pcost dt
I’ 10
(p)= I - (10)
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From (9) it is clear that the parameter p =1. In this case, our is to calculate the integral p =1, if we

know that 1(0)=0.
Differentiating with respect to the parameter p we get:

7Z'

costdt

, d %arctg(pcost)dt 2 9 (arctg(pcost)) 3
()= | o(p I ( o(p j I
Py cost < Op cost e

1+ p®cos’t cost

b
£1+p cos’t

2 2
-([sm ?t+cos’ t+p cos’ -([sm 2t 4+ (1+ pz)coszt

:T :j d(tgt) arctg tgt
21+ p? +1g°t o(/1+ p2)2+tg t 1+p 1+p
Means

"(p):ﬁ’ =%'”(P+\/1+7)
1(0)=0=C =0 =%( s 1+ p?)

| (1) = J‘ arctgi Y, 1X x?

=7 hfe2)

Example - 4. Calculate the integral

Tcos(sx). &
Jox*+4

dx

. tcos(3x)dx .7 cos(3x
Solution. J. 2 +21,d = ZI 2 (+4)
) 0

2
!cos t1+p +tgzt)

l\)|§1

1 _ T
Jl4p® 21+ p?
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, G cos(px)j xsin( x?sin(px)dx
| =2|— dx=-2 X=-2
(p) lép( x> +4 X ! x? +4 I x(x2+4)

Lt +4-afsin(px) . %sin(px) sin(px)
= 2'([ x(x2+4) dx = ZI dx+ 8jxx " dx =

=—2J.Si£du +8j sinpx) dx=-2 £+8j sinpx) dX=—72'+8I sin(px) dx
0 u E

0xix2+4i ¥ x(x? +4 x(x? +4
Means
¥ 7 sin(px)
|(p)_—7z+8£XX2+4 dx

I”(p)=0+8]ga%(%iwﬂdngif%%§d 4 8J-cos p;(f) dx = 41(p)

x|x* +4 < X|x* +4

We have obtained a homogeneous differential equation of the second order.

1"(p)=41(p)

1(p)-41(p)=0

Make up a characteristic equation

k?-4=0

k, =2, k,=-2

General solution equation is equal
I(p)=c,e?” +c,e?

1(0)=c, +c, ==

1'(p)=2c,e® —2c,e?"
1'(0)=2c, -2c, = -«

C,+C, ==
1772 ¢, =0 cz—%
2c,—2C, =-rx
T
I(p)=Z¢e"?"
(p)=>e
tcos(3x) . 7 s 7w
1(3)= dx="e" ="
©) Ix2+4 "T2° T
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CONCLUSIONS 2. S. Frederick Woods, Advanced calculus:

Acourse Arranged with Special Reverence to

the Needs of Students of Applied mathematics,
interesting to calculate them, especially when 1934 c. 404

non-standard methods are used in the solution. 3
The article uses Feynman’s method to calculate
some rather complex integrals that cannot be

Integrating functions is a mathematical art. It is

. G. Boros and V. Moll], Irresistible integrals:
Symbolics, Analysis and Experiments in the
Evaluation of integrals, Cambridge University

integrated in the standard way. Press, Cambridge, 2004, c. 299.
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